Abstract. Recently we made systematic developments [19] regarding LawsonOsserman constructions in their 1977' Acta Math paper "Non-existence, nonuniqueness and irregularity of solutions to the minimal surface system" in the aspects of non-uniqueness and irregularity. In this note we generalize LawsonOsserman's non-existence part.
Introduction
Let Ω ⊂ R n+1 be a bounded and strictly convex domain with boundary of class C r for r ≥ 2. The Dirichlet problem (cf. [7, 2, 4, 10, 8] ) asks, for a given function f : ∂Ω → R m+1 of class C s with 0 ≤ s ≤ r, what kind of and how many functions ∈ C 0 (Ω; R m+1 ) Lip(Ω; R m+1 ) exist so that each such function F : x = (x 1 , · · · , x n+1 ) → F (x) = (F 1 , · · · , F m+1 ) is a weak solution to the minimal surface system 
That means the graph of F is minimal with that of f being its boundary. When m = 0, by J. Douglas [5] , T. Radó [13, 14] , Jenkins-Serrin [7] and Bombieri-de Giorgi-Maranda [2] , for any continuous boundary data there exists a unique Lipschitz solution; further by E. de Giorgi [4] and J. Moser [10] , the solution is in fact analytic; and according to [6] the solution has an area-minimizing graph.
Dramatically different behaviors occur for m ≥ 1. Considering Ω = D n+1 (the unit disk), Lawson-Osserman [8] found that, by T. Radó [14] , Morse-Tompkins [9] and M. Shiffman [15] , real analytic boundary data can be constructed for n, m ≥ 1 so that there exist at least three analytic solutions; that the Dirichlet problem is generally not solvable for n ≥ m + 1 ≥ 3; and that a Lipschitz but non-C 1 solution exists for certain boundary data. We show in [19] that there are boundary data (suitable multiple of LOMSE of (n, p, k)-type for (n, p) = (3, 2), k ≥ 4 or (n, p) = (5, 4), k ≥ 6) so that infinitely many analytic solutions and at least one singular solution exist simultaneously. Such phenomenon closely relates to both geometry (minimal surface theory) and analysis (PDE system (1.1) over the entire R n+1 ). As far as we know, this behavior is being observed for the first time and hard to be foreseen from the viewpoint of classic PDE system. Maybe it seems not so surprising at the first glance that solutions of (1.1) can violate uniqueness and regularity. However, the following non-existence part of [8] reveals that it is not easy at all and the Dirichlet problem has indeed many mysteries and complexities to be explored.
Then there exists R φ ∈ R + s.t. for any number R ≥ R φ there is no solution for the boundary function φ R = R · φ.
This result tells us that the Dirichlet problem has no solution if we stretch such boundary data severely by large R. On the other hand, the problem always has analytic solutions for small R due to the Implicit Function Theorem (eg. see [11] ). So it only remains unknown for R lying in between.
In [19] we employed the theory of isometrically minimal immersions from projective spaces into spheres (see [3, 12, 18, 16, 17] , using eigenvalues and eigenfunctions of Laplacian operators on projective spaces) for a constellation of uncountably many boundary functions that support irregular solutions. The boundary data are suitable multiple of LOMSE map φ of any type. Besides the original three in [8] , φ maps the source sphere into a sphere of higher dimension and thus represents a zero homotopy class of the target sphere. In order to figure out the situation of Dirichlet problem to φ R , an important step is to answer whether or not it has no solution for large R.
We generalize Theorem 1.1 to the following.
Theorem 1.2. If φ : S
n → R m+1 has a submanifold image N = φ(S n ) of dimension k(< n) and [φ] = 0 ∈ π n (N), then there exists R φ ∈ R s.t. for constant R ≥ R φ there is no solution for the boundary function φ R = R · φ.
Recall that, as a map, every LOMSE φ in [19] is a composition of a Hopf fibration π to projective spaces and a minimal isometric immersion ι into Euclidean sphere of certain radius, i.e.,
It follows that ι is a finite covering map. Since complex/quaternion projective spaces and Cayley projective line are simply connected, the diagram
has the homotopy lifting property. Therefore, if φ is null-homotopic, then so is π. However, it is well known that Hopf fibration π is not homotopic to a constant map. For example, one can use long exact sequence for homotopy groups and apply the celebrated finiteness result due to Serre which says homopoty group of spheres are all finite except for those of π n (S n ) or π 4n−1 (S 2n ). Hence we have an immediate corollary. Corollary 1.3. Let φ : S n → S m be an LOMSE. Then there exists R φ ∈ R s.t. for constant R ≥ R φ there is no solution for the boundary function φ R = R · φ.
Although for all LOMSE we obtain this non-existence result for large R, it still remains mysterious to us at this moment for middle part R.
We know, in general, if n = 1 or φ(S n ) is contained in a line of R m+1 , then the problem can be solvable to boundary function φ R for any R. Boundary data induced by holomorphic maps between complex spaces also have such property. It is unclear to the author to what best extent the requirements in Theorem 1.2 can be relaxed for the same kind of non-existence results. This seems to be a meaningful question.
Proof of Theorem 1.2
The idea is to modify the original proof by Lawson-Osserman. Define ǫ(N) the largest ǫ such that the exponential map restricted to normals is a diffeomophism over the ǫ-disk normal bundle of N to its solid ǫ-tubular neighborhood T (N, ǫ).
(⋆) Assume there exists a sequence R i → ∞ supporting solutions
, then the homotopy implies a contradiction [φ] = 0 ∈ π n (N). So, with Almgren's big regularity theorem, there ought to be some
By density monotonicity theorem, volume M(G i ) has an asymptotic lower bound of order n + 1 in R i . On the other hand, for minimal variety G i in Euclidean space,
where p is the position vector and ν is the unit exterior normal field to ∂G i . Since M(∂G i ) has asymptotic order k in R i , M(G i ) has an asymptotic upper bound of order k + 1 in R i .
Thus we get a contradiction as R i → ∞, which proves the opposite of (⋆), i.e., our theorem.
Remark 2.1. Here we apply Almgren's big regularity theorem for a regular point to start with. In fact, by Allard's regularity theorem [1] for density, one can find z i ∈ G i such that
and further obtain same kind of lower bound for M(G i ). We would like to remark that ǫ(S m ) = 1 and in particular z i can be (x i , 0) in the proof of Lawson-Osserman's original version.
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